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Abstract
An existing planar Pythagorean hodograph (PH) quintic spiral, with zero curvature at one end, is generalised
to form a two parameter family of PH quintic spirals. The additional degree of freedom allows speci4cation of
an ending angle of tangent and curvature. Its shape and curvature compares well to that of the clothoid which
has applications in areas such as highway design and robot path planning. It is thus a viable nonuniform rational
B-spline alternative for such applications. It is also useful for other computer aided design or computer-aided
geometric design applications in which drawing curves with controlled curvature, e.g. fair curves, is important.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Spiral segments are used in the design of highway and railway routes, trajectories of mobile
robots and other similar applications. The clothoid is popular for such applications mainly because
its curvature is a linear function of its arclength [1,4,9,10]. The clothoid is however de4ned in terms
of the Fresnel integrals and is thus not convenient for incorporation in traditional nonuniform rational
B-spline (NURBS) based computer-aided design (CAD) packages.
As an alternative the cubic B<ezier and Pythagorean hodograph (PH) quintic spirals were devel-
oped [15,16]. The PH curve, introduced by Farouki and Sakkalis [8], has the attractive properties
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that its arclength is a polynomial of its parameter, and the formula for its oFset is a rational algebraic
expression. In geometric modelling, it is often necessary to include inGection points of curves, e.g.
S-bends in highway design. The lowest degree PH curves that have inGection points are the quintics
[8]. PH quintics have been proposed in path planning for mobile robots by Bruyninckx and Reynaerts
[2].
The clothoid has 4ve degrees of freedom. The PH quintic has eight degrees of freedom. Walton
and Meek [16] forced it to be spiral by placing restrictions on it to ensure monotone curvature. In
doing so the number of degrees of freedom was reduced to 4ve. The PH quintic spiral thus obtained
is a viable alternative to the clothoid; its curvature does not vary much from linear in the range of
tangent angle deviations used in highway design. In further work the number of degrees of freedom
in the PH quintic spiral has been increased to six in two diFerent ways by Farouki [6], Walton and
Meek [17].
The purpose of this article is to report on results of a further generalisation which increases
the number of degrees of freedom of the PH quintic spiral to seven while having zero curva-
ture at one end. This additional degree of freedom allows both endpoints of a PH quintic spiral
to be speci4ed, followed by ranges from which an ending tangent angle and an ending curva-
ture can be selected. Not only does the additional freedom provide the PH quintic spiral with
more Gexibility than the clothoid, but it also allows the construction of a PH quintic spiral that
matches the G2 Hermite data of a clothoid. Moreover, for practical applications such as high-
way design and robot path planning, the curvature of such a matching PH quintic spiral is al-
most linear. It is presumed that a curve designer will place an initial point at which the curva-
ture is zero and choose an initial tangent angle; to complete the spiral segment, the user would
place an ending point, and then specify an ending tangent angle and curvature, in this order. To
this end a region for placing an ending point is 4rst determined, then for a given ending point
an interval for specifying an ending tangent angle is determined, and 4nally for a given end-
ing point and given ending tangent angle, an interval for placing an ending centre of curvature
is determined.
A nonrational cubic which interpolates to two endpoints, tangents and curvature is presented in
[3]. A B<ezier spiral is presented in [13]. The curvature of the cubic in [3] is not guaranteed to be
monotone or close to linear with respect to arclength. This can be illustrated by counter-example.
The B<ezier curve in [13] is constrained to be a spiral by forcing its control polyline to have the
same angle at each interior vertex, and also by requiring a constant ratio between the lengths of
each adjacent edge. A B<ezier curve of degree d has 2d+ 2 degrees of freedom. The same angle at
each interior vertex imposes d − 2 conditions on the B<ezier curve with a further d − 2 conditions
being imposed by the 4xed ratio of adjacent edge lengths. So the resulting B<ezier spiral has only
six degrees of freedom which is insuIcient for a G2 match as proposed here. The angle restriction
also prevents a zero curvature at one endpoint, so the spiral in [13] is not suitable for matching the
G2 Hermite data of a clothoid.
2. Background
The usual Cartesian co-ordinate system is presumed. Positive angles are measured counter clock-
wise. Boldface is used for points and vectors. A quintic B<ezier curve is given by Farin [5, p. 46]
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as
Q(t) = (x(t); y(t)) =
5∑
i=0
(
5
i
)
Pi(1− t)5−iti; i6 t6 1: (1)
Assume the control points Pi ; i = 0; : : : ; 1 are distinct and that the curvature is zero at P0. It is also
assumed that the curvature of the curve is nonnegative, for if it is nonpositive then a reGection about
the x-axis will make it nonnegative. Without loss of generality, translate, rotate, and if necessary,
reGect the curve such that P0 is at the origin, P1 is on the positive x-axis and P5 is above the
x-axis. The curve Q(t) is said to be a PH curve if x′(t)2+y′(t)2 can be expressed as the square of a
polynomial in t. To ensure this, de4ne x′(t) and y′(t) as [7] x′(t)=u2(t)−v2(t) and y′(t)=2u(t)v(t),
where
u(t) = u0(1− t)2 + 2u1(1− t)t + u2t2 (2)
and
v(t) = v0(1− t)2 + 2v1(1− t)t + v2t2; 06 t6 1: (3)
Since P1 is on the x-axis, it follows that v0 = 0, and since the curvature at P0 is zero it follows that
P0;P1 and P2 are collinear, hence v1 = 0. The B<ezier control polygon [7] thus becomes
P0 = (0; 0); (4)
P1 = P0 + 15(u
2
0; 0); (5)
P2 = P1 + 15(u0u1; 0); (6)
P3 = P2 + 115(2u
2
1 + u0u2; u0v2); (7)
P4 = P3 + 15(u1u2; u1v2) (8)
and
P5 = P4 + 15(u
2
2 − v22; 2u2v2): (9)
Let the ending tangent angle be , so from (9),
cos =
u22 − v22
u22 + v
2
2
: (10)
As in [6,16,17] the change in tangent angle is restricted such that 0¡¡. Since P5 is above
the x-axis, and by requiring the control polygon to be nonreGex (to be consistent with a spiral), it
follows from (6)–(9) that u0; u1; u2 and v2 are of the same sign which is chosen without loss of
generality to be positive. The curvature and its derivative of a PH curve are [7]
(t) =
2[u(t)v′(t)− u′(t)v(t)]
[u2(t) + v2(t)]2
(11)
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and
′(t) =
2f(t)
[u2(t) + v2(t)]3
; (12)
where (omitting the parameter t on the right-hand side for brevity)
f(t) = (uv′′ − u′′v)(u2 + v2)− 4(uv′ − u′v)(uu′ + vv′): (13)
By setting u1 = u0¿ 0 and imposing the condition
u2 = 47(1 + cos )u0; 0¡¡; (14)
the PH quintic spiral presented in [16] is obtained. The one-parameter family of spirals presented
in [17] is obtained when (14) is relaxed by replacing the equals sign with a 6 sign. Another
one-parameter family of PH quintic spirals, presented in [6] is obtained by maintaining condition
(14), but relaxing the condition u1 = u0.
3. A more general PH quintic spiral
A more general PH quintic spiral can be obtained by relaxing both u1 = u0 and condition (14)
but maintaining 0¡¡. De4ne
=
u0
u1
(15)
and
 =
u2
u1
(16)
hence from (10), after some manipulation
v2 =
sin 
1 + cos 
u2 =
 sin 
1 + cos 
u1: (17)
Using (15)–(17) with v1 = v0 = 0, Eqs. (2) and (3) may be written in terms of ; ;  and u1 as
u(t) = [(1− t)2 + 2(1− t)t + t2]u1 (18)
and
v(t) =
 sin 
1 + cos 
u1t2; 06 t6 1: (19)
Substitution of (18) and (19) and their derivatives into (13) allows f(t) to be expressed as
f(t) =
4u41 sin 
1 + cos 
5∑
i=0
fi(1− t)5−iti; 06 t6 1; (20)
where
f0 = 12 
3; (21)
f1 = 12 
2(7− 2); (22)
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f2 = (−3 + 14− 6); (23)
f3 = 32 − 12 + 18− 4; (24)
f4 = 6 − 8 + 8− 7
2
1 + cos 
(25)
and
f5 = 
[
4− (+ 6)
1 + cos 
]
: (26)
Theorem 1. Let the PH quintic be de9ned by (1), where the control points are de9ned by (4)–(9)
and u0; u2 and v2 are expressed in terms of ;  and  in (15),(16) and (10). Su;cient conditions
for it to be a spiral are
¿ 0 =
−6 + 2√30
7
≈ 0:7078 (27)
and
0¡¡
4(1 + cos )
6 + 
; 0¡¡: (28)
Proof. The proof is based on showing that the derivative of the curvature as de4ned in (12) is
positive on [0; 1). This will follow if f(t) as de4ned by (13), or alternatively by (20) is positive
on [0; 1). Clearly from (21) and (22), f0; f1¿ 0 if (27) is satis4ed. From (28) and (27)
6
8
6 + 
6
8
6 + 0
¡ 1:2
so from (23)
f2¿(−3:6+ 14− 6) = (10:4− 6)¿(7:36− 6)¿ 0
and from (24)
f3 ¿ 2:1 − 12 + 18− 4 =−9:9 + 18− 4
¿−11:88+ 18− 4 = 6:12− 4¿ 4:3− 4¿ 0:
It follows from (25) and (28) that
f4¿ 6 − 8 + 8− 28+ 6 =
2
+ 6
[4(+ 6)− 3(8− 2)]:
If ¿ 2
√
2 then f4¿ 0, otherwise, for 06 ¡ 2
√
2, from (28)
f4¿
2
+ 6
[
4(+ 6)− 3(8− 2) 4(1 + cos )
+ 6
]
¿
8
(+ 6)2
[(+ 6)2 − 6(8− 2)] = 8
(+ 6)2
(72 + 12− 12)
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¿
8
(+ 6)2
(720 + 120 − 12)
= 0
from (27) because 0 is the positive zero of the quadratic in  which appears in the numerator.
Finally, from (26) and (28),
f5¿ 0:
This more general PH quintic spiral has seven degrees of freedom. Three of these are used to
position its beginning point and set its beginning direction. Its beginning curvature is zero. The
remaining four degrees of freedom, represented by u21; ; , and  may be used to specify an ending
point, ending tangent angle, and ending curvature. To ensure a spiral, restrictions are placed on these
quantities according to Theorem 1.
4. Specifying an ending point
In this section a region is determined for placing the ending point P5 = (; ) such that at least
one PH quintic spiral can be found. It should be noted that the region is determined such that the
placement of P5 does not violate the spiral conditions of Theorem 1 but not all PH quintics with this
ending point are spirals. Further conditions on the ending tangent angle and curvature will ensure a
spiral.
From (4)–(9) and (15)–(17)
=
u21
15
[
32 + 3+ 2 + (+ 6 + 3)− 6
2
1 + cos 
]
(29)
and
=
u21(+ 6 + 3) sin 
15(1 + cos )
¿ 0: (30)
Elimination of u21 from (29) and (30) yields


=
(32 + 3+ 2)(1 + cos)− 62
(+ 6 + 3)sin
+
1 + cos
sin
(31)
which may be written as a quadratic in , i.e.
6
(
sin − 

cos 
)
2 + (+ 3)
[
sin − 

(1 + cos )
]

−

(1 + cos )(32 + 3+ 2) = 0: (32)
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If the quadratic on the left of (32) changes sign between the two limits in (28) then exactly one
solution of (32) will satisfy (28). The quadratic is negative when  = 0, so it is required that the
quadratic be positive (or zero) at the upper limit in (28). This condition can be written as
6 a(; ); (33)
where
a(; ) =
4[2 + 9+ 18 + 24(1 + cos )] sin 
b(; )
and
b(; ) = 34 + 393 + 1462 + 132+ 4(2 + 9)(1 + cos ) + 32[(8 cos + 7)
2 + 47]
¿ 0; for ¿ 0:
For = 1, (33) may be written as

sin 
6
26 + 12 cos 
63
(
− 
tan 
)
;
which is presented in [17] as an equivalent condition to (28) for the one parameter family of PH
quintic spirals obtained when only (14) is relaxed.
It is clear that a(; )¿ 0 for ¿ 0 and 0¡¡. Since ¿ 0 it means that (33) restricts the
placement of P5 = (; ) to a wedge. The lower boundary of this wedge is the positive x-axis. Its
upper boundary is that ray of (33) for which a(; ) is maximal. Taking partial derivatives and with
the aid of an algebraic manipulator,
a(; ) =−24 sin b(; )2
[
5 + 204 + 1533 + 5482 + 852+ 288
+12(43 + 392 + 100+ 56)(1 + cos )
]
and
a(; ) =
4
b(; )2
[144(4 + 133 + 502 + 56+ 64) cos2 
+3(6 + 225 + 2094 + 10523 + 27162 + 3360+ 4704) cos 
− 4(174 + 2163 + 7352 + 252− 900)]: (34)
It is clear that a(; )¡ 0 for ¿ 0; 0¡¡. So a(; ) attains its maximum value for a 4xed
 when  = 0. The numerator of a(; ) in (34) is a quadratic in cos . Now a(; 0)¿ 0 and
a(; )¡ 0 so that quadratic is zero exactly once for 0¡¡. It follows that for a 4xed ; a(; )
has one maximum for 0¡¡. Substitution of 0 for  and using the quadratic formula shows
that the maximum of a(; ); 0¡¡ occurs at 0 = arccos(−0:042255327) and is 0.555104. A
necessary condition for the existence of a unique PH quintic spiral is thus
0¡¡ 0:555104; ¿ 0: (35)
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5. Specifying an ending tangent angle
Once the ending point is placed, two degrees of freedom,  and , remain. Although  is used
below, it can be expressed in terms of  and  by (32). It is usually convenient for a curve designer to
specify an ending tangent angle  following which  can be speci4ed. Alternatively, after specifying
, an ending curvature can be speci4ed which can be used to determine . The ending tangent angle
should be speci4ed such that the spiral conditions (27) and either (28) or (33) are not violated. To
ensure this, an interval for choosing  is determined such that there will subsequently be a nonempty
interval for choosing a value of  that satis4es the spiral conditions.
The function a(; ) in (33) describes a surface. In the following analysis the domain of this
function is restricted to ¿ 0; 0¡¡, consistent with Theorem 1. It was shown in the previous
section that a(; ) is positive and has a single extremum, namely a maximum, in the  direction
and also that a(; )¡ 0, so a(; ) is monotone decreasing in the  direction. See Fig. 1.
Condition (33) expressed as a(; )¿ = describes that part of the surface z = a(; ) which is
on or above the plane z = =. The region of  and  values which are consistent with condition
(33) is thus bounded by = 0 and the curve
a(; )− == 0; (36)
which is the intersection of the surface z = a(; ) with the plane z = =. DiFerentiation of (36)
with respect to  yields
d
d
[a(; )− =] = a(; ) dd + a(; ) = 0
0
0.5
1
1.5
2
2.5
3
3.5
0
1
2
3
4
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
θ
λ
z
Fig. 1. The surface a(; ).
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from which it follows that
d
d
=−a(; )
a(; )
:
Since a(; )¡ 0; a(; 0)¿ 0; a(; )¡ 0 and since a(; ) has a single zero for 0¡¡ it
follows that curve (36) is a function  = () with a single turning point and which crosses the
-axis (i.e.  = 0) at two places. For any  value for which there are two corresponding  values,
let L and R, respectively, be the smaller and larger of those two  values. As  decreases, L gets
smaller and R gets bigger because  = () has a positive slope at  = L and a negative slope
at  = R. Condition (27) gives the smallest value of  as 0 so the largest range of  is obtained
for = 0. If 0 is the value where a(; ) = 0 (as determined in the previous section) and (35) is
satis4ed then
a(0; 0)− ==−=¡ 0;
a(0; 0)− == 0:555104− =¿ 0
and
a(0; )− ==−=¡ 0:
Hence L and R lie, respectively, in the intervals (0; 0) and (0; ) so a bracketing based numerical
method such as bisection can be used to determine their values by solving the equation a(0; ) −
== 0. The user may now be prompted to select a value for , called s, in the interval (L; R).
6. Final shape control
Once a value for  is selected one degree of freedom remains. This allows the user to choose
a value for . For consistency with condition (33),  should be chosen from the interval [0; 1]
where 1 is the intersection of the line  = s and curve (36). Since s lies in the interval [L; R]
it follows that a(; s)− =¿ 0 at = 0, but a(; s) is monotone decreasing and approaches zero
as  approaches in4nity, so there is a unique root 1 that can be found with bisection.
Once a value for  is chosen, Eq. (32) can be used to solve for . Now u1 is determined by (29)
or (30) and the spiral is found by obtaining u1; u2 and v2 from (15)–(17).
7. Specifying an ending radius of curvature
A geometric alternative to specifying a value for  is to specify an ending radius of curvature.
Let the curvature at the ending point be 1 = (1). From (11), (18), (19) and using the derivatives
of u(t) and v(t)
1 =
(1 + cos ) sin 
3u21
or, by substitution of u21 from (30)
=
152
[3 + + 6] sin2 
; (37)
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where  = 1=1 is the radius of curvature at (; ). For each value of  in the interval [0; 1], a
unique value of  in the range (28) is determined by (32), hence a unique value is determined for
 by (37). The interval [0; 1] thus determines a corresponding interval [0; 1] such that if a value
from this interval is used as an ending radius of curvature, then the spiral conditions are satis4ed.
This interval can be displayed on a line, through (; ), perpendicular to the ending tangent angle,
for interactive placement of the ending centre of curvature. Once the ending centre of curvature is
placed, a particular value of , called s for later reference, is known and it remains to determine
the corresponding values for  and .
The unique root for  from (32) allows  in (37) to be expressed as a continuous function of ,
i.e. =(). Since (0)6 s6 (1) (or (1) 6 s6 (0)), by the Intermediate-Value Theorem
[11] there is a s ∈ [0; 1] such that s = s.
In practice, it is convenient to determine s as follows. From (37)
=
15
 sin2 
2 − 6 − 3: (38)
Substitution of  from (38) into (32) with subsequent simpli4cation yields
−6752(1 + cos )
2 sin4 
4 +
15
 sin2 
[ sin + 35(1 + cos )]3
+3
[
2 + 3(1 + cos )
(
25
 sin2 
− 12
)]
2 − 90(1 + cos ) − 20(1 + cos ) = 0: (39)
Since a  selected from [0; 1] corresponds to some value of  in the interval [0; 1], and since
there is a unique value of  for each  in the same interval, a bracketing method, e.g. bisection, can
be used to 4nd a corresponding  as a numerical solution to (39). Once  is known,  is determined
by (38). The spiral is now determined by obtaining u1; u2 and v2 from (15)–(17).
8. Examples
Examples were selected to illustrate practical applications.
8.1. Example 1
A common problem in the design of highways is to join a straight line to a circle with a transition
spiral while preserving G2 continuity [1]. A clothoid, which is typically used, has insuIcient degrees
of freedom to allow both end points to be speci4ed. The designer normally speci4es the positions of
the straight line and circle, allows the endpoints to Goat on the straight line and circle, and accepts
their positions as determined [12]. This example demonstrates the Gexibility of a PH quintic spiral
in this situation. The data for this example is from Hickerson [10, p. 176].
It is required to locate a transition spiral from a given point on a given straight line to a circle.
The change in tangent angle from the straight line to the point at which it meets the circle is  =
16◦=0:27925268 rad; the curvature at this point is 1=4◦=100 ft=0:06981317 rad=100 ft. Using the
formula s=2=1 [10,12] the arclength of the transition spiral is calculated as 800 ft. The beginning
point of the transition curve is taken to be the origin and the beginning tangent angle is taken to be
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in the direction of the x-axis. The co-ordinates of the ending point are determined by a scaling factor
(obtained from the arclength) multiplied by the Fresnel integrals [12] as (; )=(793:8205; 74:4752).
When using a clothoid the designer has no control over the placement of the ending point once the
ending curvature and tangent angle are speci4ed.
On the contrary when a PH quintic spiral is used, an end point may be speci4ed or tweaked, then
intervals for specifying an ending curvature and tangent angle can be provided. This is illustrated in
Fig. 2. The same ending point as determined by the clothoid, i.e. (793.8205, 74.4752) is speci4ed.
An interval for placing V, which determines the ending tangent angle, is shown as the black part
of the x-axis. This interval corresponds to a tangent angle range of 11:9◦ to 166:5◦. For comparison
with the example in Hickerson [10], V was placed corresponding to = 16◦ as shown by the grey
line segment. The black part of the radial line segment emanating from (; ) shows the interval
for placement of the ending centre of curvature. This interval corresponds to a curvature range of
0.0608–0:0865 rad=100 ft (3:49◦–4:96◦=100 ft). The dot in this interval indicates the selected ending
centre of curvature which, for comparison, was chosen to yield a curvature of 4◦=100 ft. The clothoid
 (ξ, η)
θ
V
0 1000500
Fig. 2. PH quintic spiral of Example 1.
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0ft 800ft400ft
Fig. 3. Curvature vs. arclength plot of Example 1.
is in grey and the corresponding PH quintic spiral is a black dashed curve. The two are almost
indistinguishable in Fig. 2.
Fig. 3 shows that the curvature of the PH quintic spiral is almost linearly varying which makes
it a viable alternative in highway design applications. The curvature vs. arclength plot of the PH
quintic spiral is in black for comparison with a straight line in grey which is the curvature plot of
the clothoid. The two curvature plots are almost indistinguishable.
8.2. Example 2
Clothoids are also used in robot path planning applications [4,9]. This example illustrates the
replacement of a clothoid by a PH quintic spiral in robot path planning. The data are from Scheuer
and Fraichard [14]. Using their minimum change in tangent angle of 0:8 rad and minimum turning
radius of 5 m, the clothoid length is calculated as 8 m. The problem is rotated and translated so
that the clothoid starts at the origin in a direction parallel to the positive x-axis. Its ending point
is calculated as (7.5005, 2.0578). The clothoid and a PH quintic spiral with the same beginning
and ending points, tangent angle and curvature are shown in Fig. 4, the clothoid in grey and the
PH quintic spiral as a black dashed curve. They are almost indistinguishable from each other. The
curvature of the PH quintic spiral in this case is also almost linearly varying as shown in Fig. 5.
The curvature plot (a straight line) for the clothoid is in grey, and for the PH quintic spiral it is in
black.
8.3. Example 3
This example illustrates the PH quintic spiral’s improved Gexibility over the clothoid. A clothoid,
starting at the origin in a direction parallel to the positive x-axis, with the given ending point
(; ) = (8; 4) is drawn in grey in Fig. 6.
D.J. Walton, D.S. Meek / Journal of Computational and Applied Mathematics 172 (2004) 271–287 283
 (ξ, η)
θ
0m 10m5m
Fig. 4. PH quintic spiral of Example 2.
0m 8m4m
Fig. 5. Curvature vs. arclength plot of Example 2.
 (ξ, η)
θ
0 84
Fig. 6. Clothoid and PH quintic spirals of Example 3.
284 D.J. Walton, D.S. Meek / Journal of Computational and Applied Mathematics 172 (2004) 271–287
This is the only clothoid that matches the given data. In contrast there is a two parameter family of
PH quintic spirals, with parameters  and  constrained by (15) and (16), with the same beginning
point, beginning tangent angle, and ending point. The boundaries of this family correspond to  =
70:6◦ and =112:7◦, respectively, as shown in black in Fig. 6. At the limits of the  range,  does
not vary signi4cantly, i.e. when 1 = 0 ≈ 0:71; the variation of  is more signi4cant within the
theta range, e.g. for = 90◦; 1 = 0:81.
8.4. Example 4
This example is similar to Example 3 but serves to illustrate that the ranges for  and  become
larger as the ratio of = gets smaller. For this example (; )= (8; 2); 32:1◦6 6 146:2◦ and when
 = 90◦ then 0:71 ≈ 06 6 1:56. The clothoid is again shown in grey in Fig. 7. The boundary
curves are shown in black and the PH quintic spiral that matches the given clothoid G2 Hermite
data is shown as a black dashed curve. As the PH quintic spiral departs more from the clothoid
(with the same ending point), its curvature also departs from being linearly varying. Fig. 8 shows
the curvature plot for the PH quintic spiral that matches the G2 Hermite data of the clothoid.
 (ξ, η)
θ
0 84
Fig. 7. PH quintic spiral of Example 4.
0 84
Fig. 8. Curvature vs. arclength plot of PH quintic spiral matching G2 Hermite data of clothoid in Example 4.
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0 84
Fig. 9. Curvature vs. arclength plot of Example 4, leftmost member of family.
0 84
Fig. 10. Curvature vs. arclength plot of Example 4, rightmost member of family.
Figs. 9 and 10 show curvature plots for the leftmost and rightmost PH quintic spirals which have
the same ending point as the clothoid but do not otherwise match its G2 Hermite data.
8.5. Example 5
The Hermite clothoid data of Example 3 were used to compare the generalised PH quintic spiral
with the lower degree (cubic) high accuracy geometric Hermite interpolation of [3]. Fig. 11 shows
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Fig. 11. Comparison of de Boor, et al.
0 84
Fig. 12. Curvature vs. arclength plot of de Boor, et al. comparison.
the clothoid in grey, the generalised PH quintic spiral as a dashed line and the high accuracy cubic
as a solid black line. It is clear that the generalised PH quintic spiral lies closer to the clothoid.
Furthermore, the curvature of the high accuracy cubic is neither monotone nor close to linear, unlike
the PH quintic spiral, as can be seen in Fig. 12. In this 4gure the curvature vs. arclength plot for
the high accuracy cubic is shown as a solid black line, and those of the PH quintic spiral and
clothoid as a black line and a solid grey line, respectively. From the scaled drawing the curvature of
the high accuracy cubic may appear to have a discontinuity at its beginning point. This is because
its curvature increases rapidly from zero to about 0.2 over an arclength of 0.01 units. It has three
curvature extrema.
9. Conclusion
The generalised PH quintic spiral is useful in CAD and Computer-aided geometric design appli-
cations in which curvature control is important. It is particularly useful when curve segments of
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monotone curvature are required. Being polynomial it is a viable NURBS alternative to the clothoid.
This was demonstrated by examples from highway design and robot path planning applications. The
additional degrees of freedom provide the PH quintic spiral with greater Gexibility than the clothoid.
For a given ending point there is a two parameter family of PH quintic spirals. One of the members
of this family matches the G2 Hermite data of the clothoid with the same ending point.
Acknowledgements
The authors acknowledge with thanks the comments of the anonymous referees which helped to
improve the paper.
References
[1] K.G. Baass, The use of clothoid templates in highway design, Transportation Forum 1 (1984) 47–52.
[2] H. Bruyninckx, D. Reynaerts, Path planning for mobile and hyper-redundant robots using Pythagorean hodograph
curves, International Conference on Advanced Robotics, lCAR’97, Monterey, CA, July 1997, pp. 595–600.
[3] C. de Boor, K. HPollig, M. Sabin, High accuracy geometric Hermite interpolation, Comput. Aided Geom. Design 4
(1987) 269–278.
[4] E. Degtiariova-Kostova, V. Kostov, Irregularity of optimal trajectories in a control problem for a car-like robot,
INRIA Sophia Antipolis Research Report 3411, France, April 1998.
[5] G. Farin, Curves and Surfaces for Computer Aided Geometric Design: A Practical Guide, 4th Edition, Academic
Press, San Diego, CA, 1997.
[6] R.T. Farouki, Pythagorean-hodograph quintic transition curves of monotone curvature, Comput. Aided Design 29 (9)
(1996) 601–606.
[7] R.T. Farouki, C.A. NeF, Hermite interpolation by Pythagorean-hodograph quintics, Math. Comput. 64 (1995)
1589–1609.
[8] R.T. Farouki, T. Sakkalis, Pythagorean hodographs, IBM J. Res. Develop. 34 (1990) 736–752.
[9] S. Fleury, P. Sou<eres, J.-P. Laumond, R. Chatila, Primitives for smoothing mobile robot trajectories, Proceedings of
the IEEE International Conference on Robotics and Automation, Atlanta, Georgia, 1993, pp. 832–839.
[10] T.F. Hickerson, Route Location and Design, McGraw-Hill, New York, 1964.
[11] J.H. Mathews, Numerical Methods for Computer Science, Engineering, and Mathematics, Prentice-Hall, Englewood
cliFs, NJ, 1987.
[12] D.S. Meek, D.J. Walton, The use of Cornu spirals in drawing planar curves of controlled curvature, J. Comput.
Appl. Math. 25 (1989) 69–78.
[13] Y. Mineur, T. Lichah, J.M. Castelain, H. Giaume, A shape controlled 4tting method for B<ezier curves, Comput.
Aided Geom. Design 15 (1998) 879–891.
[14] A. Scheuer, Th. Fraichard, Continuous-curvature path planning for car-like vehicles, Proceedings of the IEEE
International Conference on Intelligent Robot and Systems, Grenoble, France, Vol. 2, 1997, pp. 997–1003.
[15] D.J. Walton, D.S. Meek, A planar cubic B<ezier spiral, J. Comput. Appl. Math. 72 (1996a) 85–100.
[16] D.J. Walton, D.S. Meek, A Pythagorean hodograph quintic spiral, Comput. Aided Design 72 (12) (1996b) 943–950.
[17] D.J. Walton, D.S. Meek, G2 curves composed of planar cubic and Pythagorean hodograph quintic spirals, Comput.
Aided Geom. Design 15 (1998) 547–566.
